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ABSTRACT

This paper aims to analyze one’s understanding of limit of a function based on Concept Image and
Concept Definition schemes, which can be used as powerful tools in research that have mathematical
comprehension as part of their object of study. For that, we developed and applied a set of tasks
involving limits of functions to students who had already been in a Calculus course. Vinner’s study
about concept image and concept definition was the theoretical framework of this paper. The results
obtained let us observe the plurality of interpretations about limits and other adjacent concepts, which
allowed us to trace, in this paper, a reflection upon the cognitive conflicts concerning the (lack of)
understanding of these concepts.
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RESUMO

Este artigo tem como objetivo analisar a compreensdo de estudantes sobre limite de uma funcéo com
base em esquemas de Imagem Conceitual (IC) e Definicdo Conceitual (DC), que podem ser utilizados
como ferramentas poderosas em pesquisas que tenham a compreensao matematica como parte de seu
objeto de estudo. Para isso, desenvolveu-se e aplicou-se um conjunto de tarefas envolvendo limites de
funcdes a alunos que ja haviam cursado um curso de Célculo. O estudo de Vinner sobre IC e DC se
configurou como arcabougo tedrico deste artigo. Os resultados obtidos permitiram observar a
pluralidade de interpretagdes sobre limites e outros conceitos adjacentes, o que possibilitou que fosse
tracado, neste artigo, uma reflexdo sobre os conflitos cognitivos relativos a (falta de) compreenséo
desses conceitos.
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Concept image and concept definition schemes as tools for analyzing students’ comprehension of limit ...

RESUMEN

Este articulo tiene como objetivo analizar la comprension de los estudiantes sobre el limite de una
funcion con base en esquemas de Imagem Conceitual (IC) y Definicdo Conceitual (DC), que pueden ser
utilizados como herramientas poderosas en pesquisas gque tienen una comprension matematica como
parte de su objeto de estudio. Para esto, desenvolveu-se-se e aplicou-se um conjunto de tarefas
involucrando limites de fungGes a alunos que j& haviam cursado um curso de Calculo. El estudio de
Vinner sobre IC y DC se configura como arcano tedrico de este articulo. Los resultados obtenidos
permitiran observar una pluralidad de interpretaciones sobre limites y otros conceptos adyacentes, 0 que
possibilitou que fosse tragado, neste artigo, una reflexion sobre los conflictos cognitivos relativos a (falta
de) comprensédo desses conceitos.

Palabras clave: Imagen Conceptual. Definicion Conceptual. Esquemas. Limite de una funcion.

1 INTRODUCTION

The Psychology of Learning plays an essential role in Mathematics Education, since it
is through the comprehension of cognitive processes that one can reflect about practices that
may enable an individual to understand a certain mathematical knowledge. In that regard, a lot
has been discussed about the learning of mathematics under the psychological dimension of its
processes and mental mechanisms, bringing with it reflections on cognitive development and
mathematical thinking (Messias; Brandemberg, 2023).

According to Tall (2013), the process of cognitive development involves
comprehensions that allow one to think about essential ideas of a concept, in which language
plays a facilitating role. In this sense, it is believed that when an individual is ahead of a specific
mathematical situation, his/her mind mobilizes multiple connections that constitute a whole
Knowledge Structure, composed by a plurality of associated perceptions, ideas and actions that
are extremely important for the learning of mathematics at any level.

Concerning to the nature of Advanced Mathematical Thinking (AMT), which it is
assumed in this paper to be tied to formal mathematics as well as to a cycle of activities, such

as the one represented in figure 1.

Figure 1 — Cycle of activities & AMT

CRIATIVITY ata Creative formulations
certain Mathematical > for CONJECTURES
Context
\ Final stage of

REFINEMENT and
PROOF

Source: Messias; Brandemberg (2023)
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Such cycle does not happen in the same manner to all individuals (Tall, 1991). That is
because there are plural ways of thinking about mathematics, either as a mental activity or as a
formal system. Among the theoretical frameworks of AMT that discuss about how one
comprehends a mathematical concept, it is highlighted in this paper Vinner’s (1991) perspective
on Concept Image (CI) and Concept Definition (CD). Therefore, the main goal of this work is
to analyze one’s understanding of limit of a function based on CI and CD schemes, which can
be used as powerful tools in research that have mathematical comprehension as part of their

object study.

2 CONCEPT IMAGE AND CONCEPT DEFINITION

Vinner (1991) points out that when an individual is faced with a certain mathematical
situation, he\she mobilizes several mental processes. His/her mathematical maturation depends
on the ability of stablishing connection between such processes and, mostly, on how much
his/her memory is stimulated to form non-verbal associations, that is, concept images, based on
visual representations, mental figures, processes, and previous learning experiences. It is
assumed that to understand a concept means to form a coherent concept image for it.

According to this theoretical framework, different parts of one’s Concept Image are
activated when he\she needs to interpret and/or solve a certain task. Such parts are called
Evoked Concept Images (ECI). It is important to mention that an ECI does not necessarily
represent all one knows about a concept, since it is possible for him/her to mobilize other
elements related to that concept, depending on the mathematical context they are in.

The complexity of an individual’s understanding of mathematical objects depends on
how mature the connections between the elements that constitute his/her Concept Image are.
His/her ClI might be translated to a Personal Concept Definition (PCD), that is, to a form of
words used to describe an object, which may (or may not) differ from its Formal Concept
Definition.

Multiple representations of a concept may form one’s Concept Image. However, if, for
any reason, the ClI is constituted by any misconception, then, it can lead him/her to incoherent
responses and, consequently, interfere in one’s learning process. The inconsistent parts of an
individual’s Concept Image remain, unless they are evoked simultaneously (Vinner, 1991), that

is when he\she usually realizes the necessity of reformulating any cognitive conflict associated
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to a mathematical object. Therefore, it is extremely necessary to face contexts of learning that
lead them to evoke as many elements of their Concept Image as possible.

Vinner (1991) presented different kinds of illustrations, from which he shows how CI
and CD can be connected to each other when a subject is ahead of a stimulus (mathematical
task). The author conjectured about how one’s cognitive system might behave when he\she is

either solving a problem or building new knowledge, as shown in figures 2 — 5.

Figure 2 — Intuitive Response

output T

-—

CONCEPT DEFINITION l CONCEPT IMAGE
—

input

Source: Vinner (1991, p. 73)

Figure 3 — Deduction following intuitive thought.
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Source: Vinner (1991, p. 72)
Figure 4 — Purely formal deduction.
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Source: Vinner (1991, p. 72)
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Figure 5 — Interplay between definition and image.
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Source: Vinner (1991, p. 71)
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An intuitive response (figure 2) is based on elements that compose an individual’s
concept image. In this case, there’s no conscious relation stablished with formal theory, that is,
the concept definition cell is not consulted. Vinner (1991) states that this usually happens
because it is not the nature of our cognitive system to consult definitions, either to solve a task
or to build new knowledge.

Figure 3 and 5, respectively, illustrate what Vinner (1991) denominates Deduction
following intuitive thought (DIT) and Interplay between Definition and Image (IDI). Both are
related to the Intuitive Response (IR) due to individual searches, at a certain point, the elements
of his/her concept image to respond to what is asked. The principal difference between them is
that, in DIT and IDlI, it can be noticed a process of deduction, in which the subject searches for
information related to (part of) the concept definition cell.

Unlike Intuitive Response, Deduction following Intuitive Thought and the Interplay
between Definition and Image, a Purely Formal Deduction (figure 4) does not bring elements
from an individual’s concept image. It means that, to solve a task, the subject reproduces
exclusively de formal concept definition. However, it is assumed in this paper that any response
contemplates one’s concept image elements, even if it is based explicitly on formal theory.
Thus, it is more likely for a subject to behave in the sense of what is shown in figures 2, 3 and

5 whenever he\she is solving a task.

3 METHOD

To show how Concept Image and Concept Definition Schemes are powerful tools for
analyzing an individual’s mathematical comprehension, it will be presented in this section part
of the results of a study developed by the author (Messias, 2018), through which it was
discussed how students understood the concepts of limits and continuity of functions of a real

variable!. The participants needed to solve the tasks shown below:

! Undergraduate students of a mathematics course of one university located in the north of Brazil participated of
the study. All of them had already taken the Calculus Course.
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1. Consider f(x), and answer what follows.

—x+1 0<x<1 1.1. i%f(x) exists”. This statement is True or

1; 1<x<2 False? Explain.

£00) XZ; 1 2 <xx: <23 1.2. Verify if lirr% f (xX)exists. Explain.
= — 1; = xX—
—x+5 3<x<4 1.3." lirrzl f(x) doesn’t exist”. Do you agree with that
1 x=
l 5 x =4 statement? Explain.

1.4. Determine lirri f(x).
X—
1.5. "li‘rgl f(x) =f(@3)". Is this statement True or
X—

False? Explain your answer.

2. Explain what you understand of lim f(x) = L.
X-Xq

3. Consider the function f(x) = %z Observe its graphic representation, and answer what follows.

3.1. “The straight line y = 1 is a horizontal asymptote
of f(x)”. Explain what it means.

3.2. “The straight line x = —2 is a vertical asymptote
of f(x)”. Explain what it means.

4.1. Write a personal definition for lim f(x) =L,
X=X,

, |1 based on figure 4a
B 7 N Y 3.2. Write a personal definition for lim f(x) =L,
9 -8 M0 a+8 | X—Xo
l based on figure 4b.

Fig. 4a Fig. 4b

5. A student verified, while solving a problem, that lim f(x) = g. Explain what such result means. If possible,

xX-Xxq
give examples according to your explanation.

In task 1, the main goal was to verify if the participants would evaluate and justify the

(non) existence of a limit at different points, to check if they would evoke concept images that

would put the Dy as a necessary condition for the limit’s existence, the same way it was
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discussed in Przenioslo (2004), Jordan (2005), Karatas et al. (2011), Denbel (2014), and others.
Besides that, we aimed to investigate if the function defined in more than one sentence would
be a cognitive conflict factor, as noticed in Nascimento (2003), Maharaj (2010), Mutlu & Aydin
(2013) and Brandemberg & Messias (2016), and to identify it the participants would evoke the
lateral limits to verify the bilateral limit’s existence.

In task 2, the participants should explain what they understood of lim f(x) = L. The

xX—Xg
main goal was to have them write a personal concept definition and to verify if interpretation
such as “unreachable” or “impassable” would be evoked, also, if dynamic conceptions related
to the nature of that concept would constitute the participants’ thought (Tall; Vinner, 1981;
Cornu, 1983; Przenioslo, 2004; Sarvestani, 201; Amatangelo, 2013; Messias, 2013; Denbel,
2014).

With task 3, we would like to verify the individuals’ understanding of limits involving

infinity and horizontal and vertical asymptotes. That is, check if the fact that lim f(x) =1
X—>00
and lim f(x) =1 would be evoked to explain the asymptote y =1, as well as
X——00
lirr21+ f(x) = 0 and lirré_ f(x) = —o0 to explain the asymptote x = —2. Therefore, we
xX—— xX—-

would like to verify students’ comprehension of the definition of asymptotes and the way it is
related to limits involving infinite. We would also like to evaluate if the students would mobilize
the conditions of domain in their answers.

In task 4, it was also asked the students to write a personal definition, considering both,
figure a and figure b. We wanted to check if they would evoke the idea of f (x) arbitrarily away
from the origin or if they would stablish any relation between the elements that belong to the
interval (x — §,x + &) and their respective values of f(x).

We emphasize that the tasks did not involve the practice of finding limits using algebraic
manipulations, since we believe that any difficulties in solving that kind of task are not
necessarily related to the nature of the concept, but to the operational practices that are used to

find them. Hence, in task 5, instead of finding indeterminate limits, participants were asked to
explain what they understood of % and, if possible, exemplify situations that agreed with the

explanation given. Our main goal was to observe if students would make use of terms such as
“removal discontinuity”, “points of singularity” or “indetermination” and if they would evoke
the idea of nonexistence of the limit attached to the presence of indetermination, as well as in

Nascimento (2003), Mutlu and Aydin (2013), Messias (2013), among others.
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4 RESULTS & ANALYSIS?

Considering task 1, we noticed that two participants drew graphics and used them as a
support to answer what was asked. However, only one of them represented the function

correctly, as shown in chart 1 (bellow).

Chart 1: Graphic Constructions to Task 1
Graphic of Student S2 Graphic of Student S4

Source: The author.

S4’s responses to task 1 were all correct (and so it was his explanation, which was all
done based on the graphic he built). S2 based his responses on the mistaken graphic he drew.
As an example, the function f(x) he built was defined for x < 0, which made it possible for
him to find lim f(x)= lim f(x) = 1, and consequently, affirmed that Li_r:%f(x) = 1. Thus, S2

attached the bilateral limit’s existence to the lateral limits (both exist and are the same), i.e., his
mistaken graphic was, actually, cognitive conflict factor in task 1.

Three students answered that lina f(x) did not exist, but their explanations were not

coherent. S3, for example, replaced x = 0 in all sentences that constitute f(x) in its domain,
using the fact that all the limits he obtained were different to justify its non-existence, which
made it clear for us that evaluating limits of functions written in more than one sentence was a
cognitive conflict factor, such as in Nascimento (2003), Maharaj (2010), Mutlu and Aydin
(2013), Brandemberg & Messias (2016), Messias (2018), Messias and Brandemberg (2021). In
what concerns to the other items of Task 1, the participants evoked similar elements to justify

their responses. In chart 2, we present some of the participants responses®.

2 We analyzed the responses given by five students, which were identified as S1, S2, S3, S4 and S5.
3 Participants’ original answers were in Portuguese. In this paper, the principal ideas of their responses were
translated to English.
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Chart 2: Multiple Responses given to task

Student | Item Response/Explanation
; a it o
ﬁ:;_ F)=1 > ?ui,/ " Student affirms that the “limit
ksl e = A .
S2 11 P exists” based on the incoherent
st graphic he drew.
v B
T =t a e Sl defoks) Student affirms that “the limit
xH 0 Gt i ewsle | pain o i (= K15 :
S3 12 - Al elDVg it G S8 does not exist because —x + 5
S %1 50 does not satisfy its condition”.

Student 1 disagrees that L does
not exist, since, according to
him, f(x)=2 is a constant
function, which, for him, makes
it possible for the limit to exist.

o Go s, ?‘j, ﬁ‘w t | & alwile, an Lxmpﬂo da fiha k) &m

S1 1.3 , e
Q&u l Lodwae oom{m\\'(,

dh fe e M e 2 Student affirms that there is no
Brd oy define b th
PR " way to define because there are
o W5l O Ay e gt no values for x > 4.
S4 1.4 T " efscds o Wegpeily lalien pas Student affirms that
Vmﬁ'wﬁnﬁ#ﬁe"}ji-ﬂ Fet ¥ llrll_f(x) = 1/2, WhiCh, in fa.Ct,
X
is the value for f(4).

AWMJ!:WWW pevbiponoumﬁw.ﬂmmm
BMWMWW,WMMM
& vollen pora. guol X fendly, me X prseade, moufungits.

Student affirms that lirr; flx) =
xX—

f(3), since “to calculate certain
limit, we should replace the
value in which x tends in the x of
the function”

S5 1.5

Source: The author.

Students’ evoked concept images brought multiple elements that probably led them to
certain misconceptions. As mentioned before, we believe that Concept Image and Concept
Definition Schemes may be powerful tools to analyze and conjecture about (possible) mistakes,
potential (or cognitive) conflict factors, difficulties in the learning of any object etc. It is
presented some Cl and CD Schemes related to what was conjectured about students’

comprehension of limit and/or continuity of a function (see figures below)*.

4 In all the schemes, the Evoked Concept Image is presented as a subset of the Concept Image, once it does not
necessarily represent everything an individual knows about an object, but what was mobilized at a certain
mathematical situation.
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Figure 6 - Intuitive Response 1 (Task 1 — item 1.5)

Output:
lirré f(x) = f(3) is a true sentence
X—¥

Concept Image

[ECT]

Concept Definition : _
P :«,!Lnélo f(x) =f(xo)

21 To calculate limits means to
replace x = x, in the
function

Input:
To verify iflirréf(x) = f(3)
X

Source: The author.

The intuitive response presented in figure 6 is referred S5’°s answer to item 1.5 (see chart

2). Such Evoked Concept Image might be related to conflicts about what lim f(x) and f(x)
X-Xq

means. It is possible that his whole comprehension about continuity is attached to the

conditionlim f(x) = f(xg), or that replacing x = x, in the function is the only way to calculate
X=Xq

limits. This can be either seen as a potential conflict factor or a result of previous learning
experiences that strongly explored situations, in which such operational practice was enough to
calculate the limit (e.g., polynomial functions).

Student S3 responses were also intuitive since the subject did not mobilize elements of
Formal Concept Definition to justify the limit’s (non) existence. It was also evident that lateral

limits were not evoked (see figure 7).
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Figure 7 - Intuitive Response 1 (Task 1 —item 1.1 to 1.3)

Output:
lin})f(x). lin‘{ f(x) and lin“; f(x) do not exist

Concept Image

[ECT]

To verify if the limits of all
the function’s sentences are

Concept Definition the same. If they are, L

/4 exists.

To substitute x = xg in
each sentence of f(x)

To calculate limits by using
substitution

Input:
To verify the existence of lingf(x). lin‘{ f(x)and
lirrgf{:x) through the algebraic form of the

function

Source: The author.

The intuitive response presented in figure 7 refers to S3’s responses, including the one
shown in chart 2. It was observed that to calculate the limit of a function written in multiple
sentences was, for many of the participants, a cognitive conflict factor.

In figure 8, we present a Partial-Intuitive Deduction to conjecture about S1’s response
to items 1.2, 1.3 and 1.4 (see chart 2). It is believed that it looks like the one characterized by
Vinner (1991) as Deduction following intuitive thought. The difference is that the individual
seems to consult the Concept Definition Cell, but then, s/he goes back to the concept image cell
to respond to what was asked. Such behavior can (or cannot) be problematic. It depends on if

his/her CI has any misconception related to one or more objects involved in the task.
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Figure 8 - Partial-Intuitive Deduction (Task 1- items 1.2, 1.3 and 1.4)

Output:
lin} f(x). lin‘; f(x)and linl f(x) exist,
because f is constant
AN
(Part of) Formal Concept [ECT]
Definiti S
enrton The limit exists when x —
- Operations with limits: > X if the function is
P constant
If f(x).z ¢, L exists. hd fO) =
L=1lim f(x)=rc
x—xq
Input:
To verify the existence of lim f(x). lim f(x)
x—1 =2
and linl f(x) through the algebraic form of the
function

Source: The author.

The partial-intuitive deduction is generalized by Messias (2018) as follows:
Figure 9 - Partial-Intuitive Deduction (Messias, 2018, p. 82)

I Output

Concept Definition \ Concept Image

[ECI]

I Input

Source: The author.

In task 2, students’ answers allowed us to verify their understanding of the concept of

limit through the evoked concept image in their explanations. In chart 3, we present the

participants’ responses.
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Chart 3: Personal Concept Definitions of Limit.

Student Response/Explanation
Student connected L to
‘ a functional relation,
S1 fosde Xk | Jow wm Glo 'iowlv L G L Comngondnls established between
e Y . _ the axes.
W y% F 24 e colboai ap Mﬂ‘é Student evoked the
' ~ LA / o idea of approaching
52 ,ﬁiﬁa_ﬁm{b‘/ o Forun bive aéﬂf‘%'?/_ "”"“;% f'“’;‘?f # from both sides of a
ST A Cn it pwrale wm certain x, which leads
deecd ca ’%M{;f a2 caw & B to corresponding
g;;@ s X W.gm/a X, e 8 Z values in y axis.
_ Student wrote a
0 i £OO =1, | & quamdn ¢ bini i da fumzey $02, orede =, Tt “translation” to the
Wb X ) . . .
S3 O A L delfernimado  Laley, (Mo L. notation xlgarclo A
other elements were
mobilized.
Lfende Cowne somo oprosimacoe 3t %e D Student connected L to
$elon exlrewnsp =% €%, g pelon relocso WE“*“ a functional relation,
sS4 Coren T prevece Ttavabeion  snenr oBreina dlods, established between the
de extrevaos ety de sede L oo gode eptor axes; confused about
Bar WEE we  Covtradeuiwie (low ‘.M%QM sicle what image and range
o brcettre) woo focGs | ‘ mean.
Pana. 5L At pedermes wtleasn Lo 4. e - L can be represented as
fumer® eproserdndo. pello. aton, destmos potisde Lo calculated by the
P | Tolen el () pows, wm' valon omicaol (xoye difference between
initial and final
position.

Source: The author.

Considering students’ responses, it was noticed that they attached the limit to the

functional relation established between the axes, which may lead to conceptual confusions

about what 1im f(x) and f(x,) mean. It was also observed that their concept images brought
XX

reference to lateral limits and a dynamic conception of movement, as well as seen in Tall e
Vinner (1981), Cornu (1983), Cornu (1991), Cottril et al. (1996), Przenioslo (2004), Sarvestani
(2011), Swinyard (2011), Amatangelo (2013), Denbel (2014), Oh (2014). Only S5’s ECI had

elements that were not expected, considering the teaching experience in Calculus and/or what

has been discussed about the (difficulties in) learning of limits by the literature. According to

him, L represents a line, and its length can be obtained from the difference between final and

initial positions. In a general way, students’ responses were intuitive, and they are represented

by figures 10, 11 and 12.
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Figure 10 - Intuitive Response 1 (Task 2)

Qutput (Personal Concept Definition)

“When x — x; , there is a certain point L,
that is its correspondence in y” (Student S1)

Concept Image

[ECT]
Concept Definition L = f(xo)

There is one
i

correspondent to x; in y
axis.

Input:

Explain what understands of lim f(x)
x—=Xg

Source: The author.

Figure 11 - Intuitive Responses 2 (Task 2)

Output (Personal Concept Definition) Output (Personal Concept Definition)

“Approximation of x, causes the approximation of “It is when the limit of f(x) when x tends to
L in the extremes of the intervals” (Student S4) %, equals a certain value 1.” (Student S3).

Concept Image

[ECT]

Concept Definition f(x) tends to a limit value

L considering values from
b right and left of x,

Approximation around x,
and L.

Input:
Explain what lim f(x) means
X—=Xp

Source: The author.
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Figure 12 - Intuitive Responses 3 (Task 2)

Output (Personal Concept Definition)

“We can consider a line with length L. Therefore, to
calculate the limit of the function represented by the
line, we should subtract final value and initial value”
(Student S5).

Concept Image

[ECT]

Concept Definition

L | L=x—x,

Input:
Explain what lim f(x) means
X—Xg

Source: The author.

In task 3, students related the asymptotes to the conditions of the domain and range of
the function, besides mobilizing the dynamic conception of movement to f (according to them,
asymptotes restrict the function’s movement). One of them interpreted the asymptotes as
boarders that do not let certain values to be attained by the function. Only one student evoked
elements from the formal definition of both, horizontal and vertical asymptotes (S4). In his
explanations, he mobilized the idea of limits involving infinity. All of students’ responses can

be seen in chart 3.
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Chart 4 - Responses to task 3

Student Responses in Portuguese (Item a and b)
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V' Ty ek st yss] peto diwila o + g
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Source: The author.

Students’ responses to task 3 were all intuitive, except for S4’s, whose answers seemed to be
based on a deduction following intuitive thought (see figure 13). The intuitive responses
brought elements that characterized asymptotes as borders that avoid certain values to be
attained, restrict the function’s movement, and exclude elements from its domain and range

(see figures 14 and 15).
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Figure 13 - Deduction following intuitive thought (Task 3)

to1; liIII flx)="n

Output
Output Response to item b: When we get closer to x = 2
Response to item a: When we considerhuge x from the right, the function assumes larger values.
values or little x values the function approaches From the left of x = 2, f gets smaller; iug f(x)
—¥p

does not exist.

Concept Definition

(part of) Formal Concept
Definition

Alney=y,isa
horizontal asymptote if

lim f(x)=bor
X=+00
lim f(x)="5b

A line x = x, is a vertical
asymptote if lim f(x) =
.x—‘.x;

tooor lim f(x) = teo
J(—‘J(u

Concept Image

[ECT]

Horizontal and vertical
asymptotes are related to
limits involving nfinity

A

Limit i an approximation

—oo (Small values);
+oo (huge values)

Input:
Explain what one understands of vertical and

horizontal asymptotes

Source: The author.

Figure 14 - Intuitive Responses 1 (Task 3)

Output
The asymptote does not let the function attain

points intercepted by f

Concept Definition

Concept Image

[ECI]

/,' Asymptote in the function’s
graphic is a border

Input:
Explain what one understands of vertical and
horizontal asymptotes

Source: The author.
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Figure 15 - Intuitive Responses 2 (Task 3)

Output
Dr={x€IR/x+2}and CD; = {y €
IR/y + 1}

Concept Image

[ECT]

Concept Definition Asymptotes x = xg ey =

Yo in f mean thatxg e g
do not belong to the domain
and range, respectively.

Input:
Explain what one understands of vertical and
horizontal asymptotes

Source: The author.

In task 4, most of the students gave intuitive responses to what was asked. Student S1,
for example, mobilized the intervals (x, — 8, x, + &) to emphasize the approximation around
Xo, as observed in some of the expressions that were used to describe his personal concept
definition (e.g., will tend, to the right of, to the left of). Besides, both, S1 and S3, evoked
comprehensions related to limit of a function at a point, not infinite limits.

The infinite limits were mobilized in students S2, S4 and S5 responses. We observed
that S2 evoked lateral limits (around x,) and bilateral limits. S4 evoked the idea of
approximation around a point (in this case, x,), besides the comprehension of (de)creasing the
f values, which the student assigned to his personal concept definition of infinite limits. Student
S5 used the terms “positive infinite” and “negative infinite” to explain that the function was
away from the origin, tending, respectively, to +oc0 and —oco. Below, in chart 5, we present

some of the students’ reponses to task 4.
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Chart 5 - Responses to task 4

Student Responses in Portuguese (Item a and b)
i 7] s ?2‘ e N =
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firn, Comid 0 limibh iguol a B . -R
S3 ke Mior,  Covnty Lt o
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Comde Tl G S s
"Cl“s?.- —a-::-:l

Source: The author.

Students’ responses were intuitive and mostly based on dynamic perceptions of the limit

concept, as shown in figures16.

Figure 16 - Intuitive Responses 1 (Task 4)

Output

When we approach xg, the function
increases or decreases and gets closer to
infinity.

Concept Definition

Concept Image

[ECT]

increases/decreases (infinite
limits)

we approach x from right
or left

/ The function

Input:
Write a definition for limit, based on the visual
representations of infinite limits.

Source: The author.
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In task 5, we noticed that none of the participants considered that the existence of the
limits is necessarily related to the absence of indeterminations but highlighted the importance

of “math mechanisms” and “algebraic manipulations” to “take it off”” and then, find the limit at

a point, as exemplified in chart 6.

Chart 6 - Responses to task 5

Student Response/Explanation
Bl rosllode signikiie wno indiloaminacE , o win do -
) il o & NPT S ,Jm_?“ Indetermination means
s1 ofpar g 1) dan o N cama eanipulare® ofcbiien there is limit only after
- frn ¥4 algebraic manipulation
X2 K=
Q&\)a.uc‘:vv\-(‘/‘-\ﬁ_ € st _,r_\.w\(\:am Cmvnn ,,,._M“‘L,w- ) ) ) )
race®”, smen gote win defonde we muo (e de Indetermination indicates
formmocda, inda wie ;mu%%aaw-_;, g the existence of a hole, a
4 i wneliner -u\;?c;-kg,\,,‘,ija e Qe runonn point that is not defined in
LT poplen de %ﬁ*’«f—w‘g: de frngson the function’s domain; it
S s e i M b i happens with rational
LSO T Y ' functions
H—w=] Py
O peullode dedgminads F&e@dﬁﬁmhﬁlﬁ cle 4~
" d . ME‘:,'.E.&'Q o LAt doo L. . L.
P e : m'w«imaxd@ ot th-»-B%E:’l wbiliods wn The limit will only exist if
S5 otomsyas molimEies gue s gy incllmimga: one uses matherr_lat_lcal
Bx:. mechanisms to eliminate
= the indetermination
B, X=2 = 2-2 - 0 ¢, :
atie? e MR-~ (indtrrrmimopia® )

Source: The author.

The examples presented by the students in their explanations were similar, once they

x2-a? x-a . .
or lim ——, which are common in

n—oo X —az,

represented limits of rational functions such as lim

n-ooo X—Qa

Calculus books. S4 wrote lim f(x) = % Despite the fact, he did not mention anything about

P )
infinite limits; he\she reinforced the idea of emergency of null denominator as a practice of

calculating limits. Figures 17 illustrates possible elements that were evoked in their responses,

which we believe were intuitive.
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Figure 17: Intuitive Response (Task 5)

Output
Tt represents a hole in the graphic; a point
that is not defined in its domain.

Concept Image

[ECT]

Concept Definition / Indetermination is related to

a hole in the function and,
also, the emergency of null
denominators

Input:

Explain what lim f(x) = 2 means.
x—xg 0

Source: The author.

The student’s responses allowed us to conjecture about the elements that were part of
their concept image and that were evoked during each of the tasks. The plurality of
interpretations pointed in other research, the participants’ evocations in this study, and our
teaching experience in Calculus permitted us to attain the main goal of this paper, which was
to analyze one’s understanding of the concept of limit of a function based on Concept Image

and Concept Definition schemes.

4 CONCLUSIONS

The CI and CD Schemes presented in this paper permitted us to conjecture about
students’ understanding of the concept of limit (and other adjacent concepts), which were

related to multiple comprehensions evoked in their responses, such as the ones listed below:

[C1] - Limit’s existence depends on the lateral limits.
[C2] — Limit is an approximation around x,.
[C3] — Infinite limits: once we get closer to x,, the function increases or decreases

infinitely.

REAMEC - Rede Amazo6nica de Educacgdo em Ciéncias e Matematica. Cuiaba, v. 12, e24075, jan./dez., 2024
4 https://doi.org/10.26571/reamec.v12.178509 141 2318-6674

21


https://doi.org/10.26571/reamec.v12.178509
https://portal.issn.org/resource/ISSN/2318-6674

Concept image and concept definition schemes as tools for analyzing students’ comprehension of limit ...

[C4] — To calculate the limit of a function written in more than one sentence, one should
substitute x = x, in all the sentences that composef (x).

[C5] - lim f(x) means that when x = x,, f(x) = L.
[C6] - lim f(x) is always the same of f(x,).

[C7] — L is the length of a line.

[C8] — Indetermination implies in a hole in the graphic of the function and, consequently,
in the emergence of null denominators.

[C9] — An asymptote represents a border that prevent

[C10] — The presence of an asymptote implies that the calculus of the limit needs to be
done through approximation.

[C11] - If x = x,is a vertical asymptote, then x, does not belong to the domain; if y =
Yo IS @ horizontal asymptote, thus y, does not belong to the range.

[C12] — An asymptote restricts the movement of the function.

[C13] — An asymptote (horizontal or vertical) implies in the emergency of infinite limits.

It is important to emphasize, once again, that when an individual solves a cognitive task,
part of his/her concept image activates. It is possible that all his/her knowledge related to a
certain object is represented by the evoked concept image or, depending on what is asked in a
different task, he/she can mobilize other comprehensions. That means that what was listed from
[C1] to [C13] are not necessarily everything they know about limits, and it does not mean that
they were evoked simultaneously.

Finally, we reinforce that the results obtained in this study were relevant, since it allowed
us to verify possible conflicts that are part of students’ concept images about limits. These
results may lead to future studies, through which may be possible to develop didactic proposals

to be applied to enhance one’s understanding in Calculus.
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